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Abstract 

We explain the imbalance of the flavor mixing angles between the quark and the 
lepton sectors in the context of the SU(5) GUT with the see-saw mechanism. The 
quark masses and the CKM matrix elements are obtained by using, respectively, 
the Pritzsch and Branco—Silva-Marcos form for the up- and down-quark Yukawa 
matrices (?/“ and y'^) at the GUT scale. The charged-lepton Yukawa matrix (y®) 
is the transpose of y*^, modified by the Georgi-Jarlskog factor. We show that the 
neutrino masses and mixing angles suggested by the recent solar and atmospheric 
neutrinos are then obtained from a simple texture of the neutrino Yukawa matrix 
(y^^) and a diagonal right-handed Majorana mass matrix at the GUT scale. 

PACS: 14.60.Pq, 12.10.Kt, 12.15.Ff. 


1 Introduction 

The Standard Model (SM) is a successful theory. Current high energy experiments are 
explained within the SM. However, the SM cannot predict fermion masses and their flavor 
mixing. It is generally expected that there is a more fundamental theory which gives 
the SM as its low-energy effective theory. The grand unified theory (GUT) is among the 
candidates of a more fundamental theory. It is also believed that fermion masses and flavor 
mixings are the keys to open the door to new physics beyond the SM. 

Recent neutrino experiments |l|-[^ have provided evidences that there are neutrino 
masses and their flavor mixings. According to the atmospheric-neutrino observation |P]- 
0], the lepton-flavor-mixing matrix, which we call the Maki-Nakagawa-Sakata (MNS) ||T0[| 
matrix, has a large mixing angle sin^ 2023 — where 023 is the mixing angle between the 
second and the third generations. This is in a clear contrast with the Cabibbo-Kobayashi- 
Maskawa (CKM) quark-flavor-mixing matrix which does not exhibit such large mixings. 
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In particular, \Vcb\ is smaller than \ Vus\- The mixing angle between the second and the third 
generation is 0(1) in the lepton sector, whereas it is 0(10“^) in the quark sector. This 
imbalance may be a clue to obtain the theory of flavor. Many attempts have been made 
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to explain this imbalance |]K 

In the SU(5) GUT [|T^, [T^, the Yukawa matrix of the charged leptons (|/®) is related 
to that of the down-type quarks As a consequence, there are mass relations between 
the charged leptons and the down-type quarks at low energies. The b-quark r-lepton mass 
ratio has been reproduced in the original SU(5) model |^, and in its supersymmetric 
version |^, . A Yukawa matrix model which reproduces all the mass ratios between the 

down-type quarks and the charged leptons has also been found within the SU(5) model 
I^ . However, the imbalance between the quark-flavor-mixing matrix and the lepton- 


flavor-mixing matrix has not been understood within the SU(5) theory. 

In this article, we study the possibility of naturally deriving the large flavor-mixing angle 
in the lepton sector by using suitable Yukawa matrices within the SU(5) GUT scheme. In 
particular, we examine the Fritzsch — Branco — Silva-Marcos (F-BS) type Yukawa matrices 
0-111. Texture of these matrices have generic forms within the SU(5) GUT. It has been 
known that the Yukawa matrices with the F-BS texture at the GUT scale reproduce 
well the observed quark masses and the GKM matrix elements. If we adopt the see-saw 
mechanism as a natural explanation of the tiny neutrino masses, we should discuss the 
neutrino Yukawa matrix {y^) and the heavy right-handed Majorana neutrino mass matrix 
(A4tz), in addition to the up-quark (y'^), down-quark (y‘^) and charged-lepton (y®) Yukawa 
matrices. The elements of the Yukawa matrices, y'^ and y'^ are constrained by the known 
quark masses and the GKM matrix elements, and those of is related to y'^ in the SU(5) 
theory. Without loosing generality we can take a basis where the Majorana mass matrix 
Mtz is diagonal. The y'^ elements are then constrained by the observed neutrino mass- 
squared differences. In our analysis, we assume that the neutrinos have mass hierarchies, 
mi -C m 2 -C m 3 , so that each m^ is constrained by the neutrino oscillation data. The MNS 
matrix elements can then be calculated by assuming the texture of y'^ at the GUT scale. 
With very simple textures of the diagonal form and Fritzsch form, we hnd consistent 
the MNS matrix elements at the weak scale, \Ue 2 \ is found to be very small for the diagonal 
y'', whereas |U^ 3 | ~ 0.7, \Uez\ < 0.2. \Ue 2 \ is large when y'^ has the Fritzsch form. Both 
cases are consistent with the atmospheric neutrino-oscillation experiment and also with 
the solar-neutrino experiments, each corresponding to the small- and large-angle solution, 
respectively. We cannot explain the LSND experiment . 


We are able to calculate the Jarlskog parameter of the lepton sector (Jmns); because 
this parameter is related to that of the GKM matrix ( Jckm) the GUT scale. In general, 
Jjy[Ns does not depend on the two additional Majorana phases of the MNS matrix. We hnd 
that Jmns the magnitudes of the MNS matrix elements are sensitive to the y'^ texture 
at the GUT scale. 

This article is organized as follows. In section we give the dehnition and parameteri- 








































zation of the MNS lepton-flavor-mixing matrix. In section ^ we review recent experiments 
and show allowed regions of the MNS matrix elements and the neutrino mass differences. 
In section we discuss properties of the renormalization group equations (RGE) for the 
MNS matrix elements and the dimension-hve Majorana-mass operator. In section we 
show the F-BS type Yukawa matrices at the GUT scale and discuss their properties. In 
section |^, we analyze the neutrino masses and the MNS matrix numerically by using the 
1-loop RGE of the minimal supersymmetric standard model (MSSM). First, we study the 
case where the texture of y'^ is diagonal, and examine the sensitivity of the results to 
the right-handed neutrino decoupling scale. Next, we study the case where has the 
Fritzsch form by setting at the intermediate scale, 3 x 10^^ GeV. In section |^, we give 
summary and discussions. 


2 The Maki-Nakagawa-Sakata Matrix from the See- 
Saw Mechanism 

The Yukawa Lagrangian of leptons above the right-handed neutrino decoupling scale {Mr) 

isfl 


= y’ij4>iLi ■ e%j + - + y''ji4>„p'ki ■ i, + ■ i'r,) + h.c ., 


( 2 , 1 ) 


where yfj{a = u, e) are the Yukawa matrix elements of the neutrino and the charged lepton. 

and 0d are the SU(2 )^ doublet Higgs bosons that give Dirac masses to the up-type and 
the down-type fermions, respectively. Lj is the i-th generation SU(2)i doublet lepton. The 
SU(2)i invariants are 
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( 2 . 2 ) 


and are the Gth generation right-handed neutrino and charged lepton, respectively. 
Majorana mass matrix M.nij is complex and symmetric. When the right-handed neutrinos 

^ Throughout this article, we use the spinor notation where the dot product denotes the scalar product 
of two left-handed Weyl spinors: ^ • y = ^°‘ea/ 3 y^ = V ' ^ with ei 2 = 1- In terms of the 4-component Dirac 
or Majorana notation, one finds L • L ■ v'^ = v^ - L = NL, 1^^^ = NP^N, where ip = 

—T 

tjj^ = Cip , Pl = (1 — 75 ) 72 , and N = is the 4-component Majorana representation of the 

right-handed neutrino. 



are integrated out at the scale M/j, the effective Lagrangian becomes 


^yukawa V ij 4 >dLi ' ' ((/>u-hj,) + h.C. , 

with 

K = y''Mn-V^- 

The charged-lepton and neutrino mass-matrices are obtained as 

m: = , AC = K («))''. 

The lepton mass terms can be expressed as 

Cm,.., = - hi (AC)y Vu ■ "Lj + ^‘■c■ 

= - (AC)y Wl! - ^ (AOynSKL,- + h.C. 

^ -IlMJr - IrM^Ic - t (w[M.nR + n^Mlnj}j , (2.6) 


(2.3) 

(2.4) 

(2.5) 


where we introduce the 4-component Majorana field for the light neutrinos, z/£j) . 

Me is a general complex matrix, whereas M^ is a symmetric complex matrix in the gener¬ 
ation space. 

We give the definition and useful parameterization of the 3x3 Maki-Nakagawa-Sakata 
(MNS) lepton-flavor-mixing matrix m- The MNS matrix is dehned analogously to the 

firn 


CKM matrix 


in terms of the unitary matrices Ug and Uu that transform the 


mass-eigenstates into the weak-current eigenstates: 






' Ml ^ 



^L2 

= Ug 
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M 2 



K ^L2 ) 


\ M / 


\ Ms / 


\ M / 


That is, these unitary matrices diagonalize the charged-lepton mass-matrix squared 

UlMgMlUg = diag.{ml, m^, ml) , (2.8) 

and the Majorana-neutrino mass-matrix 

Ul^MlU^ = diag.{m^,m,^,m^), (2.9) 

where 0 < mi <C m 2 <C m 3 . The MNS matrix is then dehned as: 


(rMNs)„. = {ulu\ 




— X! (^MNs) 


MNS^m 5 


( 2 . 10 ) 
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where a and i label the neutrino flavors (a = e, /i, r) and the mass eigenstates {i = 1, 2, 3). 
In terms of the flavor-state {a = e,/i, r), the leptonic charged-current interactions take 
the flavor-diagonal form 

Ccc^-%w; Y. TlYi'i + h.c.. (2.11) 

The 3x3 MNS matrix has three mixing angles and three phases in general. We adopt 
the following parameterization 



f f/el 

Ue2 

Ue3 
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f 1 
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0 \ 

^MNS ~ 

U^i 

U^2 

U,3 
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[ Url 
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lo 
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e®‘^3 y 
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where the two Majorana phases, (p 2 and (p^, are given explicitly. The remaining matrix 
U, which has three mixing angles and one phase, can be parameterized the same way as 
the CKM matrix. Because the present neutrino oscillation experiments constrain directly 
the elements, Ue 2 , and we And it most convenient to adopt the parameterization 
^ where we take these three matrix elements in the upper-right corner of the matrix 
as the independent parameters. Without losing generality, we can take Ue 2 and f /^3 to be 
real and non-negative. By allowing Ugs to have a complex phase, Ugs = |f/e 3 |e*'^MNs^ the 
number of the independent parameters is four. All the other matrix elements are them 
determined by the unitary conditions: 


Uel 

Ur3 

U^l 

U,2 

Url 

Ur2 


^l-\Ug3?-\Ue2\\ 


Ug2Ur3 

+ U^3UelU*^ 

1 

- \Ue3\^ 

CO 

1 

U,3Ue2U:, 

1 - 

\Ue3\^ 

Ue2U^3 - 

■ Ur3UelU:^ 

1 - 

\Ue3\^ 

U,3Uel 

+ Ug2Ur3U:, 

1 

- \Ue3\^ 


(2.13a) 

(2.13b) 

(2.13c) 

(2.13d) 

(2.13e) 

(2.13f) 


In this parameterization, t/gi, Ue 2 i and Urz are real and non-negative numbers, and 
the other elements are complex numbers. In particular, we note 


l(KrNs)e2l “ 


e2 


(^MNs) 


/iS 


= U, 


/iS- 


(2.14) 














The two Majorana phases (^2 and (pg do not contribute to the Jarlskog parameter 
the MNS matrix: 


M of 


jMKs = /m(Kii/-iK3r;s) 

1 — It^esl 


where Im{Ue3) = l^^sl sin (^^ns)- 

3 Experimental constraints 

In this section we review briefly the experimental constraints on the neutrino masses and 
the MNS matrix elements under the assumptions of the three neutrino flavors and the mass 
hierarchy m 2 -C rUg. 

3.1 Constraints on the MNS matrix elements 


The survival and transition probabilities of the neutrino oscillation in the vacuum take the 
following simple form , 


P, _ =4|f/,gni7^grsin 


2 I ^3 ^2 


4P 


(3.1) 


P,^^,^ = l-4|P„g|'(l-|P„g|') 


sin^ (^ 


AE 


(3.2) 


when the following condition is satisfledQ: 


9 2 

— ml 


p < 1 


2 2 

m 3 — m^ 


L. 


2E 2E 

On the other hand, the probabilities take the following form, 

=2|P„gnP^g|2 


(3.3) 


4Pe(P„iP^iP^2P:2)sin' 


2 / ml m|^\ ^ gij^2 ( ml^ml ^ 


AE 


2E 


P. 




1-2|P„3|2(i- |P„g|2) -4|P„inP„2psin2 


5m? 


12 


4P 


(3.4) 

(3.5) 


^See Appendix A for more details. 
















when the following conditions are satished: 


9 2 

— rn\ 


1 < 


2 2 
m3 — m^ 

2E 


L. 


(3.6) 


Below, we obtain constraints on the neutrino mass differences and the MNS matrix elements 
from the recent neutrino-oscillation experiments with the above approximations. 


3.1.1 CHOOZ experiments 

The CHOOZ experiment [Q measured the survival probability of ir, and found 

sin^ 26 *chooz < 0.18 , for > 1 x 10“^eV^. (3.7) 

By assuming m\ — m\ -C 1 x 10“^ eV^ to accommodate the solar-neutrino oscillation (see 
below), we can use eq.(^] 2 |) to obtain the following constraint: 


I^e3|'(l-|f/e3|') < 0.045, 


for mq 


ml ~ m 


3 — > 1 X 10 ^eV"'. 


(3.8a) 

(3.8b) 


3.1.2 Solar-neutrino deficit 

Dehcits of solar neutrinos observed at several telestial experiments 0, ^ have been suc¬ 
cessfully interpreted in terms of the 7 ^ z/^ , T7^) oscillation in the following three 


scenarios p. 

MSW small-mixing solution: 

3xl0"^< sin2 20suN < 1.1 x 10■^ (3.9a) 

and 4 x 10“® < 5ml^^{eV‘^) < 1.2 x 10“^ , (3.9b) 

MSW large-mixing solution: 

0.42 < sin2 20suN <0.74, (3.10a) 

and 8 x 10“® < 5mguN(6V^) < 3.0 x 10“^ , (3.10b) 

Vacuum oscillation solution: 

0.7 < sin2 20suN <1-0, (3.11a) 

and 6 x 10“^^ < ^mguN(eV^) < 1.1 x 10“^°. (3.11b) 


Under the mass-hierarchy assumption of mi -C m 2 -C m 3 , the solar-neutrino dehcits 
should be explained by the oscillation of the lighter two neutrinos in both the MSW and 
the vacuum-oscillation scenarios. The survival probability in the vacuum can then 
be expressed by eq.( p.5|) . Because the mass-squared difference m^ — ml suggested by the 
atmospheric neutrino observation is much larger than the differences eq.( 3.9aj) "^eq.( ^TTa|) , 









there appears an energy-independent deficit factor — 2 |t/e 3 p (1 — \Uez\‘^)- This factor should 


be smaller than 9% by the CHOOZ experiment if m\ — ml > 1 x 10 ^ eV^; see eq.(p.8b|). 


It is also constrained by the observation of lower energy solar neutrino . Since we need 
only rough estimate of the allowed ranges of the MNS matrix elements^, we ignore the 
small energy-independent deficit factor and interpret the results of the two-flavor analysis 
eq. (|3.9a|) ~ eq. (p.lla|) by using the following identifications: 


sin2 20sUN=4|t/elhl7e2|' 

= 4(l-|f/e2|'-|f/e3|')|f/e2| 


^"^SUN = 


rui 


(3.12a) 

(3.12b) 


3.1.3 Atmospheric-neutrino anomaly 

The recent analysis of the atmospheric neutrino data from the Super-Kamiokande experi¬ 
ment finds 0. 

0.7 < sin^26'ATM <1, (3.13a) 

and 3 x 10“^ < 5m^rpj^(eV^) < 7 x 10“^, (3.13b) 

for —>• Px iyx 7^ ^e) oscillation. The oscillation scenario is not only disfa¬ 

vored by the CHOOZ experiment eq.( ^T|) , but also disfavored by the Super-Kamiokande 
datum by itself. In our three-flavor analysis, the data should be interpreted with the 
^ oscillation under the constraint eq. (|373|) . By using eq. 
identifications: 

sin^ 20ATM = 4|[/^3|' (l - \U^3f) , (3.14a) 

(5mATM = ~ ''^2 • (3.14b) 


(3.2), we have the following 


3.1.4 Neutrino masses 

The neutrino oscillation experiments measure only the mass-squared differences of the three 
neutrinos. Under the assumption of the neutrino-mass hierarchies. 


mi-C m 2 <C m 3 , (3.15) 

the absolute values of the neutrino masses can be constrained determined as follows: 


2 2 2 r 2 

"^3 - "^3 - "^2 = ^'TUaTM , 

2 2 2 r 2 

77^2 — m 2 — m^ = OmguN • 

The heaviest neutrino mass is then determined by eq. (|3.13b|) 

m 3 = (0.02 ~ 0.08) eV, 

^ Quantitative study of three-flavor oscillation effects will be reported elsewhere. 


(3.16a) 

(3.16b) 


(3.17) 










and there are three possibilities for m^- 


m 2 = (0.002 ~ 0.003) eV 

(MSW small-mixing solution), 
m 2 = (0.003 ~ 0.005) eV 

(MSW large-mixing solution), 
m 2 = (8 ~ 10) X 10“® eV 

(Vacuum mixing solution). 


(3.18a) 

(3.18b) 

(3.18c) 


mi cannot be determined. Since its magnitnde plays little role in the following analysis, 
we simply assnme the hierarchy eq.(3.15|): 


mi < —- . 
^ 10 


(3.19) 


3.2 Quark and lepton masses and the CKM matrix 


In onr analysis, we adopt the following quark and lepton masses at the Z-boson mass scale 
to constrain the Yukawa matrices elements: 

m^(m^) = 175±6 GeV, 

m^(m^) = 0.59 ±0.07 GeV, 



m^{mz) = 0.0022 ± 0.0007 GeV, 

(3.20) 


m^(m^) = 3.02 ± 0.19 GeV, 

m^{mz) = 0.077 ± 0.011 GeV, 

maimz) = 0.0038 ± 0.0007 GeV, 

(3.21) 


m^{mz) = 1746.5 ± 0.3 MeV, 

m^{mz) = 102.7 MeV, 

m^{mz) = 0.4:87 MeV. 

(3.22) 

The GKM matrix elements are determined by the magnitudes of the three off-diagonal 

elements ^5 

|K,| = 0.219 ~ 0.224, 

(3.23a) 


iKbl = 0.036 ~ 0.046, 

(3.23b) 


- 0.06 ~ 0.10, 

(3.23c) 


' cb 


r\ 








and one phase, which in onr parameterization is related to the Jarlskog parameter as 


sin(5cKM — 


VudVusVcbVtb\Vub\ 


(3.24) 


where is the CP violation angle. We adopt the same phase combination for the MNS 
{Uai) and the CKM matrices, and Vud, Ws, Wfe, Vtb are all real and positive. The remaining 
CKM matrix elements are determined by the nnitarity conditions analogonsly to eq. (p.l3|) 


Constraints on the nentrino masses and the MNS matrix elements depend on the three 
scenarios that explain the solar-nentrino experiments. In Table |I] we snmmarize the typical 
allowed ranges of these parameters nnder the assnmption of mi m 2 -C m 3 for the three 
scenarios. We denote “MSW-S” for the MSW small-mixing scenario, “MSW-L” for the 
MSW large-mixing scenario, and “V-0” fot the vacnnm-oscillation scenario. 



m 2 (eV) 

m 3 (eV) 

\Ue2\ 

CO 

\U^\ 

MSW-S 

0.002 ~ 0.003 

0.02 ~ 0.08 

0.027 ~ 0.053 

< 0.22 

0.48 ~ 0.88 

MSW-L 

0.003 ~ 0.005 

0.02 ~ 0.08 

0.35 ~ 0.50 

< 0.22 

0.48 ~ 0.88 

V-0 

(8 ~ 10) X 10-6 

0.02 ~ 0.08 

0.48 ~ 0.71 

< 0.22 

0.48 ~ 0.88 


Table 1: Allowed ranges of the nentrino masses and the MNS matrix elements in the three 
scenarios nnder the assnmption mi -C m 2 -C m 3 . 


4 Renormalization Group Equations 


The RGE of the coefficient k of dimension-hve operator in the effective Lagrangian eq. (|2.3|) , 
which is formed by the see-saw mechanism [^, has been stndied in Refs. |Q. Below the 
right-handed nentrino mass scale Mr, the matrix k satishes the following RGE in the 


MSSM 33 


, d 
dt 


tr - dvr (^a 2 + ^ (l/V^) | , (4-1) 


where t = In /r, y'^ is the np-qnark Ynkawa matrix and y^ is the charged-lepton Ynkawa 
matrix. The RGE’s of these matrices and the gange conplings are snmmarized in Appendix 
B. When the contribntions from the hrst-generation fermions can be neglected, the RGE 
of the lepton-flavor mixing angle 6^23 (iGiisI ~ sin023) takes a very simple form p3|: 


o d t 

Stt — sm' 
dt 


’2023 = -sin^2023 (1 - sin^2023) (iwT “ 10^1^) 


2 ^ %3 + ^22 
^33 ~ ^22 


(4.2) 


-1 r\ 

































where and Hr are the second and third generation charged-lepton Yukawa couplings, 
respectively. It should be noted in eg. that if K 33 > K 22 holds, then sin^ 26*23 = 1 is the 
infra-red hxed point of the equation , and hence it is possible to obtain sin^ 26*23 ~ 1 
at the rriz scale as long as its magnitude is large at the right-handed neutrino decoupling 
scale, Mr. 


5 GUT scale Yukawa matrix texture 

The Yukawa terms at the SU(5) GUT scale are 

= 2/p • (X,).e + y^{ct>^nXi)a, ' 

• {^Rj) + ■ {vr^) + h.c ., (5.1) 

where y, V’ and are all left-handed fermions which transform as 10, 5* and 1 represen¬ 
tation of the SU(5) group, respectively. Indices (= 1 ~ 3) stand for generations and 
a,b,... (= 1 ~ 5) give the SU(5) indices. 0'^ and 0*^ are now 5 and 5* representation Higgs 
particles, respectively. The Yukawa matrices of the SM are related to those at the GUT 
scale as. 


y'^ij = y'^ji = ylj, (5.2a) 

/p = y^ji = yfj , (5.2b) 

y'' ij = ylj . (5.2c) 

We note here that the Yukawa matrix is symmetric and that the Yukawa matrix is 
the transpose on the Yukawa matrix y'^ in the flavor space: 

2 /" = ( 2 /")^ , y^ = {y^Y , (5.3) 


at the GUT scale in the SU(5) theory |34 
representations of quarks and leptons: 


These are direct consequences of the SU(5) 


10 : Xab — Y -|- Q -|- e'^, 

5Y = d'^ + L , 

1 : , (5.4) 


where u'^ and d'^ are the charge-conjugation of the right-handed up and down quarks, 
respectively. Q is the SU( 2 )i doublet left-handed quarks. 

Both up- and down-type Yukawa matrices can be transformed into the nearest-neighbor- 
interaction (NNI) form by a weak-basis transformation without loosing generality . 
Recently, many authors studied the texture of the Yukawa matrices at the scale in the 
NNI basis s -|p 8 ||. E. Takasugi has further shown that one of the up- or down-quark 
mass matrices can be transformed into either the Fritzsch form or the BS form P, 





























while keeping the other matrix in the NNI form. For instance, under the SU(5) constraint, 
eq. (|5.2a|) , we can take the Fritzsch texture for the up-quark Yukawa matrix. 




/ 

0 

flu 

0 ^ 




flu 

0 

hn 

UiJ, 

(5.5) 

V 

0 

hn 

Cu 




where and are real numbers and Cu is a complex number without loosing generality. 
The down-quark Yukawa matrix can still be parameterized by the NNI form. 


= Qi 


/ 

0 

2:12 

0 ^ 




3^21 

0 

2:23 


(5.6) 

V 

0 

X 32 

3^33 




in general. Here the nonzero hve Xij components are complex numbers. Three phases 
in eq. (l^) can be removed by using the rephasing freedom of d/?, and can be made 
real by rephasing Ui? once the GUT is broken. The parameterization is still most general, 
containing 10 real parameters for six quark masses and four independent elements of the 
CKM matrix. 

If we adopt the parameterization of eg. (^.5|) at the weak scale, three parameters are 
given analytically in terms of the up-quark-mass eigenvalues^ 


Vn QuCu 

V2 hi 


Vn hi 
72 Cu ’ 


Vn 

m, = 


(5.7) 


Here v^/^/2 = v/y/2 ■ sin/9(> 0) is the vacuum expectation value (vev) of the held, 
where 


tan f3 


{€) 



(5.8) 


and -1- ~ (246 GeV)^. The observed up-quark masses at the scale implies 

the hierarchy 


• hyx ■ Cu 


y/murric 

mt 



(5.9) 


When Ou, 6u, and Cu are non-negative real numbers, the determinant of y'^ is negative. On the other 
hand, all up-quark-mass eigenvalues are real and positive. These two statements are consistent, because 
we can choose the unitary matrix for the right-handed fields as det(j/“) det (U^) = TO„TOcmt, with 













On the other hand, the well-known empirical relations at the scale, 


IK. 




Kfe 

Kfc 



(5.10) 


implies in the NNI basis of eq. (|5.ti| ) that the y‘^ elements shonld satisfy m 

Ixisl ~ |a; 2 i| and IX 32 I ~ l^asl . 


(5.11) 


Hence at the weak scale, the matrix y'^ shonld approximately have the Branco—Silva- 


Marcos (BS) form K 


QlV cIh — Ql 


Cl({C 

V 0 


0 

-ifpl 


a^e 

0 

Cd 


*01 


0 

Cd 


; 


( 6 . 12 ) 


where a^, K and Cd are real positive nnmbers and 0 i ^2 are phases. We have made use of the 
rephasing freedom to obtain the above phase assignment. These textures of y'^ and y'^ are 
one of the simplest set of the quark Yukawa matrices at the scale, which is consistent 
with all the experimental data. The down-quark mass eigenvalues are then related to the 
parameters a^, and Cd of eq. (|5.12|) as 


Vd al 


= 'Cd— 1 


mi, = VdCd , 


(5.13) 


where Vd/\/2 = vj \/2 • cos/3(> 0 ) is the vev of the 0 ° held. 

Because the renormalization effect is not overwhelming between the GUT scale and 

I) for y^ and eq. (|5.12|) 


weak scale in the MSSM [^, we adopt the parameterization eq 
for y^ at the GUT scale. The elements eq. (^.7|) and eq. (|5.13|) are then valid for effective 
“masses” at the GUT scale. The charged-lepton Yukawa matrix is the transpose of the 
down-quark one y^ at the GUT scale. The asymmetry of the BS texture then leads to the 
sharp difference between the down-quark and the charged-lepton sectors in the squared 
Yukawa matrices that are diagonalized by the relevant Unitary matrices: 
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When we omit the first generation contribution by setting Ou = oa = 0, the mixing angle 
between the second and the third generation in the charged-lepton mixing matrix Ug of 
eq.(|2.7|) satishes 






1 mrY , 


(5.16) 


where sin^^g = (t/e)23. Therefor, if the neutrino-mixing matrix Ui, of eq. (|2.7|) is not too 
much different from the diagonal matrix, then desired boundary condition of sin^ 2023 — 1 
at the GUT scale can be obtained. This is in sharp contrast with the corresponding mixing 
angle 

771 

tan2023 — l/^d| = 2—^ <C 1, (5-17) 

rUb 

in the down-quark sector. If the up-quark Yukawa matrix is approximately diagonal (as 
in the Fritzsch form eq. (|5.5|) with Ou -C 5u "C Cu), the corresponding CKM matrix element 
remains small. The two opposing results follows essentially from the same Yukawa matrix 
in the SU(5) theory. 

It has been well-known that the SU(5) constraint, eq. (|5.2b|) , on the lepton and down- 
quark Yukawa matrices leads to the unacceptable mass relations: m^/rue = rus/m^ = 
mb/rrir. A possible solution to this problem has been proposed by Georgi and Jarlskog 
m where a 45* Higgs boson gives masses to the first two generation down quarks and 
charged-leptons|. By adopting their idea, we find that the lepton Yukawa matrix of the 
form 
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(6.18) 


0 -36de**" cj / 


reproduces the desired mass formulas 
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v^36d’ 


36d 


= UdCd- 


(5.19) 


The Yukawa matrices, eq. (|5.12|) for and eq. (|5.18|) for y®, can be obtained at the GUT 
scale if the element y '^23 iy%2) is dominated by the coupling to the 45* Higgs, while the 
® An alternative, but similar, solution in the supersymmetric SU(5) model is found e.g. in ref.[0. 























other elements come from the couplings to the 5* Higgs. The Yukawa matrices eq. (|5.5|) , 
eq. (|5.12|) and eq. (|5.18|) can e.g. be obtained from the SU(5) Lagrangian 


^yuklwa = ' {Xjjde + Cid Yd )afe ' it 


,10 ^abcde 


3d) 


+ 2/23 (<^)f (X 2 )afe ■ (V's)'" + neutrino terms + h.c ., 


(5.20) 


where, a is the 45* Higgs particle. All Yukawa elements are set to zero except (fu, ju) = 
(1,2), (2,1), (2,3), (3,2), (3,3), and (zd,Jd) = (1,2), (2,1), (3,2), (3,3). It should be noted 
here that although the NNI texture of eqs.(p^), (|5.12| ), and ( p.l^ ) are achieved by using 
the weak-basis transformation of the Xi nnd ijjj helds at the GUT scale, the dominance of 
the 45* coupling in the (/d,jd) = (2,3) coupling and the suppression of all the other 45* 


couplings are assumptions underlying the Yukawa Lagrangian of eq.( 5.20 ). 

Let us clarify our assumptions for the Yukawa matrices at the GUT scale. It has been 
known that the zeros of the F-BS textures are automatically obtained by making a proper 
weak-basis transformation, because they are special cases of the generic NNI form |^. In 
the case of the SU(5) GUT, this statement needs clarihcation because the left and right 
components of the up-quarks belong to the same representation and hence they cannot 
be rotated independently. We hnd, however, that as long as we restrict ourselves to the 
symmetric Yukawa matrix for the up-quark, the Yukawa matrix can be transformed 
into the Fritzsch form while retaining the general NNI form for the down-quark Yukawa 
matrix. The proof is obtained by using the weak-basis transformation of the x(10) and 
■^(5*) helds, similarly to that of Ref. [^. Thus, the textures of our Yukawa matrices 


and are still general. It is the restriction of the down-quark Yukawa matrix to the 


BS form in eq. (|5.12|) and the Georgi-Jarlskog modihcation for the charged-lepton Yukawa 


matrix in eq. (|5.18|) that consist our assumptions 

In addition, we have the Dirac-type Yukawa matrix for the neutrino (j/^) and the Ma- 
jorana type Yukawa matrix for the right-handed neutrino (Myz) at the SU(5) GUT scale. 
We can transform M-jz to the diagonal form in general, but y" cannot be transformed to 
the NNI form at the same time. This is because in the SU(5) GUT, only three types of 
the matter helds, that transform as 10, 5*, and 1, are rotated independently in the havor 
space. The degrees of freedom associated with the weak-basis transformation in the havor 
space can be used to make y'^ and y'^ in the NNI form and Mtz diagonal, but there is no 
freedom left to simplify the fourth matrix y". Therefore, we need to assume the texture of 
y'^ in order to make predictions on the MNS matrix elements. 

In summary, the matrices ?/“ and y'^{y^), are transformed to the F-BS form and fA-ji to 
the diagonal form by using the weak-basis transformation degrees of freedom. However, 
the three eigenvalues of M.n and the texture of y'^ are not known. In the following section, 
we study consequences of a few simple textures of y" while taking M.-jz to be Mr x J, 
where Mr is the right-handed neutrino decoupling scale and I is the 3x3 unit matrix. 
We note here that the light-neutrino mass matrix k = y^Ai'R~^y^"^ takes its most general 
form with M-r = Mr x J, as long as the matrix y'^ is taken general. It is worth noting here 




















that when the original Majorana matrix M-jz contains CP violating phases, the phases 
appear in the matrix in this basis. By taking y^ to be real in the following analysis, we 
assume CP invariance in the vr mass matrix. This assumption affects our predictions for 
the Majorana phases (p 2 and (pa of the MNS matrix elements at the weak scale. 


6 The texture of and the MNS matrix 

In this section, we analyze the Maki-Nakagawa-Sakata (MNS) lepton-flavor mixing matrix 
by using the 1-loop RGE of the MSSM from the GUT scale {Mqut = 1-7 x 10^® GeV) to 
the irtz scale. 

We report the results of our exploratory studies where we examine consequences of a 
few simple textures of the matrix y^. We first examine the case of the simplest texture, 
the diagonal y", and study consequences of the two choices of the right-handed neutrino 
decoupling scale, Mr = Mqut and Mr = 3 x 10^“^ GeV. In the latter part, we study 
consequences of the Fritzsch-type texture. 


6.1 Diagonal texture 


We hrst study consequences of diagonal y^. The Yukawa matrices take the following forms 
at the SU(5) GUT scale 
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V 0 -36de*72 Cd / 


( 6 . 1 ) 


Here we assume for brevity that all elements of y'^, a^, and Cj, are real. 

We have 11 parameters in the Yukawa matrices. On the other hand, there are 22 
observables: 12 fermion masses, 3 angles and 1 phase each for the GKM matrix and the 
MNS matrix, and the 2 more Majorana phases of the MNS matrix. Thus, there are 11 
predictions, whereas two Majorana phases (p 2 and (p^ are unobservable in the neutrino 
oscillation experiments^ The generation hierarchy among the y'' elements. 


(ii/ bi/ Cl/ , 


( 6 . 2 ) 


follows from our assumption of rrii -C m 2 -C m 3 , while the following relations 

Ou < < Cu , Od < 6d < Cd , (6.3) 

®They are observable in the lepton-number violating processes e.g. in the neutrino-less double beta 
decays. 











are needed to reproduce the known quark and lepton masses. 

We set tan /? = 3 in our numerical evaluation of the 1-loop RGE’s. The gauge couplings 
are set at ai(m^) = 0.017 and a 2 {Tnz) = 0.034. If tan/3 is signihcantly smaller than 2, 
the Yukawa coupling of the top quark blows up below the GUT scale. The hts with the 
experimental values of the GKM matrix elements become worse as tan (3 increases . 

The parameters Ou, feu, Cu and Od, fed, Cd are hxed, respectively, by the central values 
of the up-type-quark and the charged-lepton masses, as shown in eq. (|3.20|) and eq. (|3.22|) . 
Oi,, hy and are hxed by the neutrino masses which are chosen in the allowed range of 
Table 0. Phases in the y'^ (//®) are constrained by the GKM matrix elements |14s| and \ Vcb\- 
The three down-type quark masses, the GKM matrix element iWbl, •^ckm! 
independent parameters of the MNS matrix can be predicted. 

By numerical analysis of the RGE, we obtain the down-type quark masses 


= 3.3 GeV, 

ms{mz) = 0.081 GeV, 

md{mz) = 0.0032 GeV. 


(6,4) 


These values are roughly consistent with the experimental values of eq. (|3.21|) , reconhrming 
the validity of the Georgi-Jarlskog scenario |^. The GKM matrix elements are 


K, = 0.22 , Wfc = 0.046 , 


IK 


ub 


= 0 . 10 , 


Kb 

(fecKM = 78.1°) , (6.5) 

when we take the parameters in Table They are also consistent with the experimental 


"^CKM — 3.6 X 10 ^ 


dll 

feu 

Cu 

Cld 

fed 

Cd 

01 

02 

1.1 X 10-^ 

4.0 X 10-2 

0.93 

1.0 X 10-^ 

5.9 X 10“^ 

1.5 X 10-2 

60° 

253° 


Table 2: The input parameters at the GUT scale. 


constraint of eq.( p.23|) . The results on the quark masses and the GKM matrix elements 
are almost common in all the analyses below. 


6.1.1 Mr — MgUT 


We hrst study the simplest case of Mr = Mgut-, where the light neutrino Yukawa matrix 
K takes the following form 
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V 0 
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fe 2 
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( 6 . 6 ) 

























at the GUT scale. When the neutrino mass m 2 is htted to the MSW small mixing solu¬ 
tion of eq. (|3.18aD , {mi, m 2 , m 3 ) = (0.0003, 0.003, 0.03)eV for dehniteness, the MNS matrix 
elements become 


Ue 2 = 0.058, If/esI = 0.058, 


U ^3 = 0.70. 


(6.7) 


These values are consistent with the corresponding experimental constraints that are sum¬ 
marized in Table |l|. The values of a^, by and Cy at the GUT scale are 


ay = 0.54, by = 1.7, = 5.4 . ( 6 . 8 ) 

The results are summarized in Table ^ in the hrst row (MSW-S). 



Qjy 

by 

Cy 

mi(eV) 

m 2 (eV) 

m 3 (eV) 

Ue2 

\Ue3\ 

CO 

MSW-S 

0.54 

1.7 

5.4 

0.0003 

0.003 

0.03 

0.058 

0.058 

0.70 

MSW-L 

0.70 

2.2 

4.4 

0.0005 

0.005 

0.02 

0.058 

0.058 

0.70 

V-0 

0.031 

0.10 

4.4 

1 X 10“® 

1 X 10-® 

0.02 

0.058 

0.058 

0.70 


Table 3: The input parameters {ay, by, Cy) and the predictions when we take y'^ diagonal 
and Mji = Mqux- 

The results for the MSW large-mixing solution (MSW-L) and the vacuum-oscillation 
solution (V-0) are also shown in Table |^. Because we use the diagonal y’’' texture, the 
MNS matrix elements are essentially determined by the matrix y'^y^^. The large t /^3 and 
small Ue 2 and {Uesl then follow almost independently of the input neutrino mass values. 
Summing up, with the diagonal y'^ texture, we can reproduce the MSW-S solution but not 
the other two solutions. 

The CP violating parameters are listed in the Table ^ The magnitude of the CP 



■^MNS 

^2 

7^3 

MSW-S 

-3.4 X 10-^1 

133.0° 

-7.8 X 10“® 

MSW-L 

-8.5 X 10-^^ 

133.0° 

-2.0 X 10“® 

V-0 

-1.2 X 10-^3 

133.0° 

-3.9 X 10“^^ 


Table 4: The predicted values of the CP violating parameters of the MNS matrix, Jmnsj 
1 P 2 and (p^ when we take diagonal and Mr = Mgut- 

violation parameter J^ns remains small when Mr = Mqut- The remaining two angles, 
(p 2 and (ps in the MNS matrix can also be predicted^]. Because we neglect the Majorana 
phases of the z/r mass matrix MIr, by taking y" to be real, they are determined essentially 


^ See Appendix C for more details. 































by the unitary matrix f/g that diagonalize see eqs (C.7) and (C.8) in Appendix C. 

The magnitudes of (p 2 for all solutions are large and the magnitudes of (p^ for all solutions 
are small, reflecting the phases structure of eq. (|5.14b| ) at the GUT scale. 


6.1.2 Mp = 3 X 10^^ GeV 


When Mr is lower than the Mgut, the RGB’s including the Yukawa matrix y'^, eq. (p.l|) 
of Appendix B, apply in the region Mr < y < Mgut, while the terms proportional to y’^ 
decouple below y = Mr, and the RGB of k, eq.( |4.1|) , takes over. The magnitudes of the 
MNS matrix elements are only slightly different from the Mr = Mgut case: 


f/e2 = 0.057, If/esI = 0.058, [ 7^3 = 0.71, (6.9) 

when m 2 is htted to the MSW small mixing solution. No improvements are found for the 
other two scenarios; the elements \Ue 2 \ and remain too small for the large mixing 
solutions. The magnitudes of the input parameters at the GUT scale change signihcantly: 


a^ = 0.071, 6^ = 0.23, c^ = 0.74. (6.10) 

Cl, and Cu (see Table ^ are now comparable in magnitude. The results are summarized in 
Table ||. 



Qji/ 



mi(eV) 

m2(eV) 

m3(eV) 

Ue2 

\Ue3\ 

U,3 

MSW-S 

0.071 

0.23 

0.74 

0.0003 

0.003 

0.03 

0.057 

0.058 

0.71 

MSW-L 

0.093 

0.30 

0.60 

0.0005 

0.005 

0.02 

0.057 

0.058 

0.71 

V-0 

0.0043 

0.013 

0.60 

1 X 10-® 

1 X lO-*^ 

0.02 

0.057 

0.058 

0.71 


Table 5: The input parameters {a,^, b^, c^) and the predictions when we take y'' diagonal 
and Mr = 3x 10^^ GeV. 


The predictions for the CP violating parameters are listed in Table |^. The magnitude 



'^MNS 

P 2 

Ps 

MSW-S 

-8.6 X 10“^ 

133.0° 

-1.5° X 10“® 

MSW-L 

-6.0 X 10“® 

133.0° 

-3.1° X 10“® 

V-0 

-1.1 X 10-6 

133.2° 

-9.9° X 10-6 


Table 6: Predictions for the CP violating parameters of the MNS matrix, Jmns, ^ 2 , Ps, 
for diagonal y'^ and Mr = 3 x 10^^ GeV. 


of the parameter J^ns found to be much bigger than the Mr = Mgut case shown 
































in Table This is because the matrix acquires phases by the RGE effects at Mr < /r < 
Mgut- The magnitude of the one of the Majorana phases ip^ is also found to be bigger 
than the Mr = Mqut case, reflecting the renormalization effect on at Mr < /i < Mgut- 
On the other hand, the magnitude of ip 2 is not sensitive to the Mr, because the phase, (^2, 
is essentially determined by arg(t/e2). 


6.2 Pritzsch-type texture 

In this subsection, we study consequence of the Fritzsch form y'^. The Yukawa matrix of 
y'" takes the following form at the SU(5) GUT scale. 
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0 

tty 

0 \ 

y'' = 


ay 

0 

by 


V 

0 

by 

Cy / 


( 6 . 11 ) 


where all elements of y'^, 6^,, and are real for brevity. We set the right-handed 

neutrino decoupling scale, Mr, to be 3 x 10^^ GeV. 

Here also we have 11 parameters in the Yukawa matrices and hence 11 predictions. The 
8 parameters of the Yukawa matrices y'^ and y'^ are fixed by the three up-quark masses, 
the three charged-lepton masses, and the two GKM matrix elements, Ws and Vcb, as in the 
previous case. The magnitudes of the input values, Ou, feu, Cu, Od, fed, Cd, 0 i and 02 hence 
take the same values as those listed in Table The predictions for the three down-type 
quark masses and the remaining GKM matrix elements are also the same. 

On the other hand, the magnitudes of the input parameters, b^, and at the GUT 
scale should be bigger than those of the diagonal y^ case in order to obtain the same 
neutrino masses. For instance, is now bigger than Cu see Table and Table |^. By 



Qjy 

by 

Cy 

mi(eV) 

m2(eV) 

m3(eV) 

Ue2 

CO 


MSW-S 

0.01 

0.49 

1.1 

1.3 X 10“® 

0.002 

0.08 

0.054 

0.033 

0.42 

MSW-L 

0.13 

0.44 

1.1 

3.0 X 10-^ 

0.003 

0.08 

0.45 

0.029 

0.45 

V-0 

0.0065 

0.10 

1.28 

8 X 10“^ 

8 X lO-*^ 

0.08 

0.45 

0.054 

0.66 


Table 7: The input input parameters {a^, by, Cy) and the predictions when we take the 
Fritzsch-type (at the GUT scale) and Mr = 3 x lO^^GeV. 


comparing Table and Table |^, we hnd that by choosing the Fritzsch form the “hierarchy” 
between by and Cy is very weak, by/cy ~ 0.4, for the MSW solutions. This has signihcant 
consequences in the predictions for the MNS matrix elements: 

Ue2 = 0.054 , |f/e3 


0.033, U^3 = 0.42, (MSW-S), 


(6.12a) 




















(6.12b) 

(6.12c) 


t/e2 = 0.45 , It/esI = 0.029 , U^3 = 0.45 , (MSW-L), 

f/e2 = 0.45, |[/e3| = 0.054, [7^3 = 0.66, (V-0). 

We can now reproduce vacuum-oscillation solution with the Fritzsch form y'^. However, 
the predictions for the Ufj,^ element are slightly smaller than the experimental constraint 
of Table |I] for the MSW solutions. In the diagonal case, the MNS matrix elements are 
essentially determined by the matrix y^y^\ and large [7^3 results as a consequence of large 
tan20|3 in eq. (|5.16|) . The prediction holds with the Fritzsch form for the V-0 solution 
because the hierarchy Cy in the third row of Table ^ implies essentially diagonal 

y’^y’^^. The predicted values of the element reduces significantly for the MSW solutions 
because the absence of the hierarchy, b^/ci, ~ 0.4, implies significantly non-diagonal y’^y’^^. 
By choosing large m3 and small m2 within the allowed ranges of Table |I|, 77^3 can increase 
up to 0.42 for MSW-S and 0.45 for MSW-L solutions, slightly below the range allowed by 
Super-Kamiokande in Table ^ 

The matrix element |f7e3| remains small in all three solutions. The element 1/^2 can also 
be made barely consistent with the allowed ranges of Table for all the solutions. Because 
the Ue 2 element from the diagonalization of is rather small {Ue 2 = 0.057 in Table 
when y'^ is diagonal) large 11^2 results from the diagonalization of y^y'^'^. We find that 11^2 
is proportional to ^mi/m 2 , and Ue 2 = 0.45 in Table ^ results when mi/m 2 = 1/10. In 
order to accommodate small Ue 2 in the MSW-S solution, mi/m 2 should be chosen small. 
The minimal of Ue 2 is found to be Ue 2 = 0.054 at mi/m2 = 7 x 10“®. 

The magnitude of the parameter Jmns in Table ^ is now found to be much bigger than 
that of the diagonal y'^ case in Table ^ for all three cases. Predicted magnitudes of Jmns 



•^MNS 

V?2 

V?3 

MSW-S 

-4.3 X 10-^ 

89.7° 

0.014° 

MSW-L 

-4.2 X 10-3 

5.8° 

0.26° 

V-0 

-8.4 X 10-3 

5.0° 

-0.057° 


Table 8: Predictions for the CP violating parameters of the MNS matrix, Jmns, T’s, 
for the Fritzsch-type y'^ (at the GUT scale) and Mr = 3 x lO^^GeV. 

are now bigger than that of Jckm in eq. (|6.5|) . This is because the only non-real element of 
^e^et jj3 eq. (|5.14b|) is in the (1,3) element and has small magnitude. Large | JmnsI results 
only with significantly non-diagonal y''. We also note that the magnitude of the Majorana 
phase 933 is now larger than that of the diagonal y'' case and the sign of (p^ is changed in the 
MSW solutions. Their magnitudes remain smaller than 1°, however. We hnd signihcantly 
different predictions for ip 2 as compared to the diagonal case; ip 2 — 133° in Table ||. 
Significant fraction of the contribution from y^y^^ is canceled by the non-diagonality of y^'. 
The magnitude of ip 2 “MSW-S” case is large (932 — 90° in Table ||) because of our 
















choice of very small to accommodate small Ue 2 - If we take a^, = 0.11 for mi = m2/10, 
the predictions are 

f/e2 = 0.45, |f/e3| = 0.027, 17^3 = 0.48, (6.13) 

and 

7mns = -4.8 X 10-3 , = 5.7° , = 0.18°. (6.14) 

Therefore large Ue 2 and 17^3, large | JmnsI and small (p2, 7^3 are natnral conseqnences of the 
Fritzsch type y'^ in onr model. In order to accommodate small Ue 2 for the MSW small¬ 
mixing solntion, we should assume mi/m2 ~ 7x 10“®. Note, however, that our predictions 
for the Majorana phases <72 and 733 assume CP-invariance in the right-handed neutrino 
mass matrix M.n- 

Finally, we report our finding for y'^ = i.e., when we impose the following conditions 

flu 1 bi /, Cu Cl /, (6.15) 

at the GUT scale. In this case, we have three more predictions. In particular, the neutrino 
masses can be predicted for a given value of the right-handed-neutrino decoupling scale 
Mji. By choosing Mr = 1.7 x 10^'^GeV, we find 

mi = 4.8 X 10“^^ eV, 
m2 = 3.4 X 10“^ eV, 

m3 = 0.08 eV. (6.16) 

The mass squared differences are 

0(m3 — m 2 ) ~ 6 X lO-^eV^ , 

0(m2 — mi) ~ 1 X lO-^^eV^ . (6.17) 

The difference m^ — mf is too small even for the V-0 solution of the solar-neutrino exper¬ 
iments. 


7 Summary 


In this article, we explain the imbalance of the flavor-mixing-angles between the quark 
and the lepton sectors suggested by the recent neutrino-oscillation experiments |l[]-P| in 
the supersymmetric SU(5) GUT with the see-saw mechanism. Especially, we look for the 
reason why the matrix element iPusl is much larger than the corresponding \Vcb\ of the 
GKM matrix. 

We use two tools for analyzing the cause of the imbalance between the GKM matrix 

im 


and the corresponding MNS matrix for lepton-flavor mixing 


One is the RGE of 


the MSSM between the GUT scale and the weak scale. The RGE of the neutrino-mass 
matrix [Q generated by the see-saw mechanism implies that a large mixing between the 









second and third generation leptons is obtained at the scale as long as the mixing is 
large at the GUT scale. The other is the SU(5) constraints on the Ynkawa matrices at the 
GUT scale. In particnlar, y'^ = y'^'^ and y'^ = follow if the Higgs donblets of the MSSM 
belong to 5 and 5* representations of SU(5) |^. By choosing an appropriate weak basis 
at the GUT scale, we can take y'^ to have the symmetric Fritzsch form [^] while y'^ shonld 
take the generic NNI form |^. The observed quark masses and the GKM matrix elements 
then forces y'^ to take the asymmetric BS form pl| where the largest elements appear in 
the bottom row of the second and the third column |^. The SU(5) relation then forces j/® 
to have the largest elements in the third column at the second and the third row. We show 
that this asymmetry between y‘^ and y® leads to the asymmetry in the unitary matrices 
that diagonalize the down-quark and the charged-lepton mass matrices. In particular, 
\Vcb\ -C 1 and lU^sl ~ 0.7 can be obtained at the same time if the neutrino mass matrix is 
approximately diagonal. We present a few examples by adopting simple textures for the 
neutrino Yukawa matrix y^^ in the basis where the heavy right-handed-neutrino Majorana 
mass matrix M-ti is diagonal. 

The favorable MNS matrix elements are thus obtained together with the acceptable 
irtr/mb ratio from the simplest SU(5) Yukawa sector. As has been well-known, however, 
this model gives unacceptable predictions for the other ratios, m^/rris and me/rud- In 
our actual numerical calculation, we modify the SU(5) Yukawa sector by introducing a 
45* Higgs boson coupling between the second generation decuplet (10) and the third 


generation quintet (5*), in order to accommodate the Georgi-Jarlskog mass relations 


= md/rrie = 3 at the GUT scale. Acceptable quark and lepton masses then follow 
for not too large tan/3 |^. The mixing between the second and third generation leptons, 
lU^al, is insensitive to this modihcation, while the others, |Ue2| and |Ue3|, are affected 
signihcantly. 

We analyze the Maki-Nakagawa-Sakata (MNS) lepton-flavor mixing matrix and 
neutrino masses numerically by using the 1-loop RGE of the MSSM. First, we study the 
case where the texture of y'^ is diagonal, and examine the sensitivity of the results to the 
right-handed-neutrino decoupling scale Mr, by setting Mr = Mqut or Mr = 3 x lO^^GeV. 
We can reproduce the MSW small-mixing solution but not the other solutions of the 
solar-neutrino deficit with the diagonal y^, almost independent of Mr. The magnitudes 
of the CP violating parameters of the MNS matrix, Jmns cind (pg are very small, while 
large (p 2 can arise even when the heavy Majorana mass matrix M-r does not have a CP 
violating phase. We also study the case where y'^ has the texture of Fritzsch form, by 
setting Mr = 3 x lO^^GeV. We hnd the tendency to have both |U^3| and |Ue2| large when 
mi/m 2 — 1/10. MSW large-angle solution and the vacuum-oscillation solution can hence 
be reproduced. In order to accommodate the MSW small-angle solution, we need to fine- 
tune the mass ratio to be mi/m 2 ~ 7x 10“®. The magnitude of the CP violating parameter 
>7 mns can now be bigger than that of Jckm, while the Majorana phases ip 2 and (^3 are small 
for the large angle solutions. As a special case, we examine the consequence of //“ = y^' at 
























the GUT scale and find that the ratios of the three nentrino masses are inconsistent with 
the observation. 

We can natnrally explain the imbalance of the mixing angles between the lepton and 
qnark sectors within the SU(5) GUT. We hope that onr finding may shed light on the 
Ynkawa sector of the snpersymmetric GUT theories. 
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A Vacuum oscillation probabilities and the MNS ma¬ 
trix. 

The transition probability (a # j3) is 
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where = rrij — rri^, and we used the identity 


(HrNs)/3j (K4 Ns)^.„ - UfSj^aj 


(A.2) 


which follows directly from our parameterization eq. (p.l2|) of the MNS matrix. It reduces 
to simple forms when the conditions 
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holds, there are two cases. 
When the conditions 
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are satisfied, eq.(|A.l|) can be simplified significantly: 
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On the other hand when 
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holds, the probability eq. (|A.l|) takes the following form: 
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where 4„s = Im{U^iU}iU 
The survival probability is, 


Pu 


3 


E (^MNs)ai 

J=1 



2 



ja 


Uo^iKi + U ^2 exp 


2E 


-L K, + t/,3 exp 


2E 


-L\U. 


a3 


. (A.8) 


Under the condition (|A.4|), we hnd 
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When the condition (A-6|) applies, we hnd 


= 1 - 2|(7„3|= (l - |f/„3|=) - 4|C/„inf/„2|=sin" {^L 


(A.IO) 


B Renormalization Group Equations of Yukawa ma¬ 
trices and gauge couplings 


In the MSSM, the RGE of the Yukawa matrices in the 1-loop level are |42 
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where t is the logarithm of the renormalization scale y. 


t = In /i. 


(B.2) 


The gange couplings satisfy the RGB’s 
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g', g 2 and g^ are gauge coupling constant of the G(l)y, SU{2)l and SU{3)c, respectively, 
and the coefficient bi are 


b2 = ng + -Uh - 3, 

h = n, - I (B.6) 

The factors and y are, respectively, the number of Higgs doublets and that of fermion 
generations. In this article, we set n^j = 2 and Ug = 3. Below the right-handed neu¬ 
trino decoupling scale (/i = M/j), the matrix y’^ decouples and the RGB of the effective 
dimension-hve operator, eg . (14.11) , takes over. 


C The phases in the MNS matrix 

We dehne the eigenvalues of n as 

Ki = (|ki| < |k2| < 1%!) 


(G.l) 











at the scale. They are obtained by the unitary transformation 

Uj"K*Ui, = diag.{Kl, ^ 3 ). (C. 2 ) 

On the other hand, the unitary matrix Ui^ that gives real positive neutrino masses obtain 

diag.{mi,m2,rn'i) = 

= U^K*U,vl 

= diag.{\Ki\, |k 2 |, l^aD^’u • (C.3) 

Hence the matrix is obtained from Uy by 

Uy = UyV, (C.4) 


where P is a diagonal phase matrix. This phase matrix is obtained as 

Ul K*Uy = VUy^teUyV 
= Vdiag.{Kl, 

= diag.{\Ki\, \k2\, I^sI) , 

and hence 
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/ 0 0 \ 
0 0 
V 0 0 y 


The MNS matrix is rewritten by using eq. o 

Vmns = UlU, 

= UlU^V 




where an additional phase matrix 
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makes the Ue 2 and t /^3 elements real and non-negative in our phase convention for the 
MNS matrix. The Majorana phases of the MNS matrix, ip 2 and (ps, are now obtained as: 

_ / <^2 — <^1 
H- - - , 

V^3 = ^3 + • 

(C.9) 


These phases are observable, and hence are independent of phase convention, in lepton- 
number violating processes. 
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